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Numerical Solution for the Near Wake
of a Body with Propeller

Joseph A. Schetz* and Stanley Favinf
Applied Physics Laboratory, Johns Hopkins University, Laurel, Md.

A numerical solution of the Navier-Stokes equations applied to the tail and near wake region of a slender,
axisymmetric body with a stern-mounted propeller is presented. The propeller is modeled as an actuator zone
which may be arbitrarily arranged in space with an arbitrary radial distribution of thrust. The turbulence ex-
change processes are described by an integrated, turbulent-kinetic-energy equation. The unsteady equations are
cast in terms of the vorticity and a stream function. The vorticity equation is solved by an ADI method, and the
stream function equation is solved by direct matrix reduction.
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Nomenclature
= constant in turbulence model
= mixing zone width
= constant in turbulence model
= thrust per unit area
= height of the calculation region
= index for grid points in the axial direction
= index for grid points in the radial direction
= integrals in TKE equation
= turbulent kinetic energy (TKE)
= index for time step
= radial coordinate
sr/b
= time
= axial velocity

= edge velocity
= free-stream velocity
= radial velocity
= axial coordinate
= vorticity
= stream function
= eddy viscosity
— density
= shear
= displacement thickness

Subscripts
b,w = on the body

Introduction

PREDICTIONS of the performance and flowfield in-
fluence of a propeller are of interest in a number of

engineering applications. Typical examples include the in-
fluence of a tail-mounted propeller on the surface pressure
distribution and boundary-layer flow in the stern region of a
ship or submarine, and the generation of the near-field wake
for the same general arrangement.

As a result of the existence of these practical applications,
approximate analyses have been developed over a number of
years. References 1, 2, and 3 are representative. Works of
this type generally involve one or more of the following
assumptions: the flow is taken^as inviscid; the propeller is
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assumed to be an actuator disk with spatially constant thrust;
the flow is laminar; and the effects of the propeller on the
flowfield are small enough to permit a linearization of the
equations of motion. While some useful results can be ob-
tained from such treatments, many important phenomena
cannot be properly accounted for.

The work reported here has as its goal the development of a
realistic treatment of the flow near a propeller, holding
simplifying assumptions and approximations to a minimum.
Since upstream influence effects are clearly of importance, a
boundary-layer equation formulation is inappropriate. It was
decided to employ the full Navier-Stokes equations rather
than attempt to develop some ad hoc approximate system that
would fall somewhere between the full equations and a
boundary-layer approximation. Also, since all practical
systems involve turbulent flow, a reasonable, but not overly
elaborate, turbulent transport model was deemed necessary.
Our reservation concerning the immediate application of one
of the existing, very elaborate turbulence models in the
literature stems primarily from the dearth of required ex-
perimental turbulence information for the problems of in-
terest here.

In order to place some bounds upon the scope of the effort,
some simplifications were necessary. The first of these is the
assumption of an actuator disk model for the propeller,
although arbitrary radial variations of thrust are allowed. The
actuator disk model is a direct result of avoiding the great
additional complexity of the periodic, unsteady formulation
required to treat individual propeller blades. Also, the
propeller can be arbitrarily located in space, so that the effects
of rake, etc, can be investigated in detail. Second, at this point
in the work, swirl has been assumed negligible. This
assumption is removable by relatively direct means within the
general actuator disk model, and we intend to do so in the
future.

Once the framework of the problem as described above was
determined, the next item of importance was the selection of a
mathematical/numerical formulation. In this, we were guided
by the efforts of Briley4 concerning the treatment of an
isolated separation bubble. The two flow problems are similar
in that they both involve a fully elliptic region, a separation
region in one and a propeller region in the other, imbedded
within a generally parabolic flow problem. The flow over
most of a stern-propeller-driven body and far in its wake can
be treated by parabolic methods. The same is true for
boundary-layer flow upstream and downstream of an isolated
separation bubble. The main items carried over from Briley's
approach were the selection of an unsteady, vorticity-stream
function, mathematical fomulation, and specification of the
boundary conditions, especially on the downstream boun-
dary.
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Fig. 1 Schematic of the flowfield and the computational approach.

The boundary conditions used here are shown in Fig. 1
which is a schematic of the flow problem treated. The body is
taken as slender with a propeller at the stern. On the upstream
boundary, the velocity profile is completely specified. This
would presumably come from a boundary-layer solution of
the upstream flow. This boundary must be located ahead of
the region of upstream influence of the propeller. On the
outer boundary, the vorticity is taken as zero, and the stream
function is calculated assuming u= Ue ( x ) . The edge velocity
distribution Ue (x) is calculated from a basic potential-flow
inviscid solution which is then perturbed repeatedly by an
inviscid-viscous iteration procedure as the solution progresses
in time. On the body, the velocity and the stream function are
taken as zero, and the wall vorticity must be determined
iteratively. The details of these last two matters will be
presented in later sections. The flow on the axis behind the
body is specified by zero vorticity and stream function.

The conditions to be employed on the downstream
boundary of problems of this general type have been the
subject of some debate (see Ref. 5 for a discussion). Briley4

apparently was the first to propose the use of zero axial
second derivatives for both the stream function and the
vorticity. Such a choice is perfectly suitable from a
mathematical viewpoint and has the added physical appeal
that it specifies the end of the elliptic region and the beginning
of a parabolic region. This, of course, is precisely when one
would wish to terminate an elliptic calculation in any event.
The actual location of a suitable downstream boundary must
be determined somewhat empirically.

A major difference between the general numerical ap-
proach used here and that used by Briley is our adoption of a
direct solver procedure for the stream function equation.6'7
This results in a substantial reduction in computational time
and the elimination of the vague arbitrariness associated with
terminating iterative solutions. The vorticity equation is still
treated by the alternating-difference-implicit (ADI)
procedure.8

Analysis
Equations

Assuming that the flow is axisymmetric and unsteady, the
Navier-Stokes equations and the definition of vorticity may
be written as

a? dt a?—— +u—— +v ——
dt dx dy

,
dr2 r + *i.-^,+a*2 i p dr

dr2 ' dx2 r dr '"

The velocity components can be determined from

ur —
dr dx

(1)

(2a)

(2b)

Here, we have written the equations with a constant turbulent
eddy viscosity e only for simplicity of the presentation. Ac-

tually, a variable eddy viscosity was employed in most
calculations, as will be described later. The propeller appears
through the axial force term Fx which may be an arbitrary,
but differentiable function of r.
Boundary and Initial Conditions

As discussed in the Introduction and shown in Fig. 1, the
boundary conditions used may be written as

w ( f t r )
v(0,r)

=u0(r)
=v0(r)
=0

a*2 (xf>r) =

u(x,rb)

= 0
= 0
= v(x,rb)=0

• (Ar )

all*
X>Xj

The boundary conditions on the body cannot be directly
restated in terms of the vorticity at the wall, so that an
iterative procedure is required. Indeed, it will develop that this
is the only iterative loop in the entire solution for this
problem. To proceed, we first write

dr
d2t (Ar) 2

a-y
dr3 + . . (3a)

and

dx2

(3b)

where on the body, r = rh . Also

b dr
1 d\J/
rb dx

= 0

= 0

and

Therefore,

du dv

2 /
rb\ (Ax)2 (Ar)

(4a)

At the tail of the body and also for a body of limiting small
slenderness, rb-~Q. In that case, the analysis is somewhat
modified with the result

(4b)

This general development is similar to that suggested for
planar problems in Ref. 5.

Since an unsteady formulation is employed here to develop
the desired steady-state solution, initial conditions must be
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specified. To start a completely new problem with a very
slender body, the vorticity and stream function distributions
implied by the fixed (with time) upstream velocity profile are
imposed over the entire region as an initial guess. For more
general bodies, the procedure described in the next section is
used. If the effects of even rather large changes on an existing
calculation for a given body shape are being studied, the
solution for the baseline problem is used as the starting point.

Outer Edge Boundary Conditions
The formulation adopted here requires the specification of

the velocity distribution along the outer boundary. In prin-
ciple, one could take the outer boundary at a large enough
radius such that the uniform, freestream conditions apply.
This is preferable from a mathematical viewpoint, but very
costly in terms of computer storage and execution time. Thus,
it is desired to have an outer boundary at a large enough
radius only to be well clear of the viscous region. This will
obviously still be deep in the mainly inviscid flow around the
body /boundary -layer /propeller /wake system .

We have adopted the following general procedure to treat
the situation. First, an exact solution to a related inviscid flow
problem is taken as a base solution. This base solution is then
perturbed by an inviscid-viscous interaction procedure to
determine the correct velocity distribution along the outer
boundary. An additional benefit arises in that the base, in-
viscid solution can be crudely doctored with a boundary-layer
profile near the body that produces a rather good initial guess
with which to begin the whole unsteady calculation.

The base, inviscid solution used here is the simple-
source/line-sink/uniform-stream combination that is known
to produce a streamlined body with a tapered tail.9 The
solution for the stream function can be written

= -mcos0+

- V (R/f) 2 + 1 -2 (/?/f)cos0") + — (/?/f) 2sin 20 (5)

where m is the source strength, m ' is the sink strength per unit
length and where £ is the length of the sink.

For a closed body, m = m't. Eq. (5) can be written in
completely nondimensional terms and this introduces the
single parameter M=m/Ut2 . Body shapes are characterized
only by the value of this parameter. We have worked with
M = 7.5 x 10 ~4 and that corresponds to the body shape shown
in Fig. 2. Of course, for our purposes here, only the tail region
is of direct interest. The expression in Eq. (5) can be used with
standard procedures to give a velocity distribution throughout
the field, including the outer boundary. We call the axial
velocity along this line Ue (x) .

The viscous zone near the body as well as the flow induced
by the propeller and the wake zone will clearly perturb the real
velocity distribution along the outer boundary away from the
inviscid estimate described above. A simple, inviscid-viscous
interaction approach based upon the profile correction
treatment of Alien10 was used. This is similar to the approach
of Briley and McDonald n for a separation bubble, although
they had no body shape or propeller to contend with. A
distribution of small sources (or sinks) is placed along the
body axis midway between the axial grid points. The strength
of each is determined to match the newly calculated

Computational region
U (x)

Fig. 2 The slender-body and its flowfield used as the inviscid
baseline solution.

distribution of the value of the stream function along the
outer boundary in comparison with that projected by the
simple-source/line-sink combination approximate solution.
This distribution of sources (and/or sinks) is then used to
calculate a perturbation to the velocity distribution boundary
condition along the outer boundary. This whole operation is
performed every several (usually five) time steps.

Turbulence Model
As discussed in the Introduction, a simple turbulence model

was desired since there is little detailed experimental tur-
bulence data available for this type of problem. With this
viewpoint, the general approach of McDonald and
Camarata12 seemed particularly appropriate for application
here. Basically, one attempts to calculate the variation of
some mean flow type of exchange coefficient (an eddy
viscosity or a mixing length) using an integrated form of the
turbulent kinetic energy equation. Here, it has not been
deemed worthwhile to try to accurately resolve the region near
the body wall, so an eddy viscosity model that varied with x
alone was adopted.

For an axisymmetric geometry, the integrated turbulent
kinetic energy equation may be written as13

!
b(x) ft r b ( x ) / fly \ Q rb(x)

— (pu)rdr = \ r ( —— )rdr- — 1 pk3/2rdr
o dx Jo \ dr / b Jo (6)

Now introducing an eddy viscosity and following Prandtl's
model14

T=pe (7)

With ?=c2b and u = u/Ue, f=r/b,Eq. (6) becomes

c2
2Ue

7; / 4Uec2b2I,

db e
2LL

where

(8)

(9)

We have used a2 = 1.40 and c2 =0.035.
Eq. (8) is employed to recalculate an eddy viscosity t ( x )

distribution after every five time steps. A comparison of the
prediction obtained using this turbulence model in a boun-
dary-layer calculation procedure with data for a low-speed
wake is shown in Fig. 3. Some studies of the effects of
variations in necessary parameters are also shown.

Low speed, Axi-symmetric wake
• Data (Ref. 15)

- — —— PRANDTL Eddy Viscosity model
____ SCHETZ Eddy Viscosity mdoel

Present IntegratedTKE model
-1.40, C2-0.035

, C = 0 . 0 0

Fig. 3 Comparison of wake data and predictions using various
turbulence models.
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Numerical Procedures
The vorticity equation, Eq. (1), is solved for each time step

At in two half time steps A/72 using the ADI method of
Peaceman and Rachford.8 The details for numerical analysis
of the current axisymmetric problem are generally similar to
those shown in Briley4 for his planar problem. The resulting
systems of algebraic equations were solved using a Library
Subroutine, LEQT1B, obtained through IMSL.

The solution to the vorticity equation is then used pointwise
for the nonhomogeneous right hand side of the stream
function equation. Eq. (2). To solve this equation, the direct
reduction method of Buneman6 as implemented by Swartz-
trauber and Sweet7 was employed. This is an extremely
convenient and efficient procedure which does not involve the
iterations that plague the various over-relaxation and ADI
methods that are often applied to equations of this type. For
perspective, the NCAR code was used here to solve Eq. (2) on
a 60x30 grid in less than 0.01 sec on an IBM 360/91. As
mentioned before, it is necessary to iterate on the boundary
condition for the vorticity along the solid surface.

The entire solution procedure can best be illustrated by a
step-by-step listing showing how the solution is advanced
f rom/ = « (A/ ) t o / = (n + 1)(A/):

1) Obtain boundary conditions for £" + 1 and \J/n + l. These
are known and usually fixed with time, except for ££,+ 1 which
must be iterated for at each time step. The coefficients uff l/:

andi>"/ / /? in the difference form of Eq. (1) are obtained by
extrapolation from the previous time step.

2) Solve Eq. (1) using the ADI procedure to obtain £ n + ] .
3) Solve for \l/n + l using the direct solver procedure from

Eq. (2) with £ " + } for the right hand side.
4) Calculate new values of £",+ 1 using i//" + 1 and Eqs. (4a

and4b).
5) Repeat steps 2, 3, and 4 until £'v;+ ' values converge.
6) Compute un + [ andi;'7 + 1 fromi//" + 1 using Eq. (2a).
7) Increase or decrease A/ depending upon the number of

iterations required to determine £H , . If fewer than two
iterations are required At"+ ] = r ( A t ) .

8) After every five time steps, recalculate e (x) using Eq. (8)
and the current velocity profiles. The value of e(o) at the
upstream boundary must be given as a boundary condition.
We also recalculate Ue (x) at this time for cases with an
upstream body of finite thickness.

Results
Cases with an upstream body of vanishing thickness are

simpler in that the calculation of the inviscid flowfield along
the outer boundary is circumvented. We will show some
results for such a case first and then move on to give some
results for body shapes of more practical interest.

Very Slender Bodies
A series of systematic computations have been run for the

limiting situation in Fig. 1 when the body thickness is taken as
zero. The grid was 30x60 (i.e., L = 30 and M = 60) with
(Ax)>(Ar). The upstream velocity profile was chosen as
u0 (r) = (r/d) '/4, v() (r) =0 with d= (Ar)(JDEL-l) and JDEL
= 10.

The propeller was located over one (or two) columns of grid
points, I—M\ (and Ml + 1) with /<L1, where Ml = 15 and
LI = 12. The axial force was distributed with radius as

'+-[*(

<r< (Ll-5)Ar

/ • - (L/-5)(Ar)
4(Ar)

(lOa)

<r< (Ll-l)Ar (10b)

Fig. 4 Radial thrust variation used in propeller simulations.
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so that the important blade tip region can be treated
reasonably with a finite difference approach. This is all shown

0.2 0.4 0.6 0.8 1.0

(b) Station I = 40, X/DProp = 2.2

Fig. 5 Velocity profiles in the wake of a body of vanishing thickness
with a propeller at the tail.

in Fig. 4. The value of Fx was chosen based upon the
momentum defect of the initial velocity profile, u0 ( r ) .

A free stream velocity, £/„ = 10 fps was used with a density,
p = 60 #/f t3 . The grid sizes were Ax = 0.136 ft and Ar = 0.062
ft.

The value of the eddy viscosity at the upstream boundary
e(0) was determined from the net displacement thickness of
the profile as

e = 0.018Ue(0)d? (lla)
where

(lib)

This is similar to the approach previously used16 with some
success to give eddy viscosity values for axisymmetric wakes
and jets. Of course, any other procedure could be employed to
obtain a value for e(0).

A series of computations were performed using a constant
value of the eddy viscosity for simplicity, i.e., e(x) =e(0), and
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Fig. 6 Axial distribution of eddy viscosity for the body of vanishing
thickness with a propeller at the tail.
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Constant e A o
Variable e A •
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0.2 0.4 0.6

Fig. 7 Comparison of predicted velocity profiles for constant and
variable eddy viscosity for the body of vanishing thickness with a
propeller at the tail.

these will be presented first. Results in terms of axial velocity
profiles at two stations are given in Figs. 5a and 5b. One
station, 1=11, is immediately behind the propeller and the
second, 7=40, is approximately two propeller diameters
downstream. The open triangles indicate how the velocity
profile develops for no propeller. The solid triangles show the
effects of thrust in a single transverse plane (at 7= Ml = 15).
Here, Fx0 = 43.3. The inverted, solid triangles show the
profiles with thrust over two transverse planes (/= 15 and 16),
with the same value of F^ on each. In this case, the velocity
profile overshoots the freestream velocity, and a near self-
propelled condition is reached.

Next, the calculation with the two-plane propeller was re-
run but with the TKE equation to calculate e ( x ) . The
resulting variation of e(x) is given in Fig. 6, and the velocity
profiles obtained are compared with those for a constant e in
Fig. 7.

10 x 1 Upstream Body
Following the successful treatment of the limiting case of an

upstream body of vanishing thickness as described in the
preceding section, the more realistic body shown in Fig. 2 was
considered in detail. The actual computational region used is
also shown in Fig. 2. A basic grid of /= 1 to 30 by /= 1 to 60
was employed with the triangular corner /= 1 to 15 by 7= 15
deleted to form the sharp tail of the body. The grid spacing
was Ax = 0.136 ft and Ar = 0.019 ft. The freestream velocity,
Ux was set at 10 fps, with the density at 60 #/f t3 .

A propeller with the same type of radial distributions as
shown in Fig. 4 was employed with Fx0 = 259. The actuator
zone was spread over 7=15( = M7) and 16, and it extended
radially from the axis out to J=L1 = 12.

. u.10
* Final perturbed solution

Propelleru
1-1 5 10 15 20 25 30 35

Fig. 8 The final perturbed interacted solution and the inviscid
baseline solution for the velocity along the outer edge of the com-
putational region for the 10 x 1 body with a propeller at the tail.

Fig. 9 Velocity profiles near the tail and in the wake of (he 10 x 1
body with and without a propeller at the tail.

The computation was begun with the base inviscid solution
described in a previous section. The streamline pattern for this
solution is also shown in Fig. 2 for reference. The flow at the
upstream boundary of the computational region was modified
to include a viscous layer of the form

MOO = / r~rb \ >A

r = d) \ 6 /
(12)

The outer edge of the boundary layer, r=rb +6, was taken at
J = JDEL = 25 (note that the body is at J= 15 at this station).
The velocity profile at the upstream station, the boundary-
layer profile in Eq. (12) and the base inviscid flow from /= 25
to 30, is kept fixed (with time) as a constant boundary con-
dition.

The velocity along the outer boundary, which enters into
the boundary condition on the stream function, is determined
via the inviscid-viscous interaction procedure described before
that produces a perturbation on the base inviscid flow at the
same location. The result of this whole operation is shown in
Fig. 8 where we compare the final, perturbed velocity
distribution with the initial, base inviscid solution. As hoped,
the perturbation is indeed small.

The results in terms of axial velocity profiles at several axial
stations, both ahead of and behind the propeller are shown in
Fig. 9. The dashed curves are the final, viscous solution for
the flow over the body in the absence of a propeller. The
stations 7=5 and 10 are on the body ahead of the propeller,
and 7= 15 is located right at the point of the tail. The profiles
on the body (7=5 and 10) are more or less typical boundary-
layer profiles, and behind the body (7=20) is a typical wake
profile. The profile at the tail (7= 15) is an interesting com-
bination of the two types. One can see the upstream influence
of the wake in the outer part of the profile.
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The velocity profiles calculated in the presence of the
propeller are shown as solid curves on Fig. 8. There is a
negligible upstream influence of the propeller on the profile at
7=5. The first is approximately 1.3 propeller diameters
upstream of the propeller. The velocity profile behind the
propeller (7=20) is radically changed from that without the
propeller. The velocity on the axis is accelerated to a value
20% greater than the freestream, and a nearly self-propelled
condition is indicated. A very complicated profile is predicted
for the 7=15 station which is now in the plane of the propeller
itself.
Further Observations on the Solutions

A study of the effect of grid sizing on the resulting solutions
was made for the last problem treated and described above.
To this end, calculations were run with AJC and Ar reduced to
half their original size. Of course, considerably greater
computer storage and execution time were required for each
time step. The calculation was started with the steady-state
solution obtained from the coarser grid computation, and it
was run for 10 time steps. Essentially no difference was found
between the coarser and finer grid solutions. This serves to
justify the grid sizing chosen originally and to provide
guidance for future computations.

An interesting phenomena was observed when running the
dual-transverse-plane propeller case starting with the single-
transverse-plane propeller case, steady-state solution. Small
wiggles appeared in the solution for the vorticity equation as
the influence of the increased propeller thrust washed
downstream. Happily, these wiggles decreased steadily in
magnitude with time. However, this phenomena did seem to
increase the calculation time required to reach a final steady
state.

Discussion
The flow at the rear of a slender body with a stern-mounted

propeller has been treated with a numerical solution of the
Navier-Stokes equations. Turbulent transport was modeled
with an eddy viscosity calculated using an integrated TKE
equation. This procedure produced eddy viscosity variations
that varied continuously, but not greatly, over the flowfield.

An unsteady formulation was used to calculate the desired
steady-state results. For a completely new problem starting
from a crude initial guess, approximately 50 time steps were
required. This consumed about 40 seconds of step time on the
APL IBM 360/91 for a 30x60 grid. For cases where a good
initial guess was available, such as in going from a propeller
over one transverse plane to over two planes, only about 15
time steps were required to reach steady state.

Cases with an upstream body with a pointed tail produced
interesting results both with and without a stern mounted
propeller. Both situations showed important upstream in-
fluence effects that can only be predicted using a fully elliptic

formulation such as that used here. For the case with no
propeller, the wake-like character of the velocity profiles right
near the tail demonstrates that the downstream wake com-
municates with the flow on the body. For cases with a
propeller located at the tail, the velocity profiles on the body
just ahead of the tail show an accelerated flow induced by the
propeller.
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